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Tamagawa defet of Euler systems
KÂZIM BÜYÜKBODUK
Abstrat. As remarked in [MR04℄ Proposition 6.2.6 and [Büy℄
Remark 3.25 one does not expet the Kolyvagin system obtained
from an Euler system for a p-adi Galois representation T to be
primitive (in the sense of [MR04℄ Denition 4.5.5) if p divides a
Tamagawa number at a prime ℓ 6= p; thus fails to ompute the
orret size of the relevant Selmer module. In this paper we obtain
a lower bound for the size of the okernel of the Euler system to
Kolyvagin system map (see Theorem 3.2.4 of [MR04℄ for a de-
nition) in terms of the Tamagawa numbers of T , rening [MR04℄
Propostion 6.2.6. We show how this partially aounts for the miss-
ing Tamagawa fators in Kato's alulations with his Euler system
in [Kat04℄.
1. Introdution
Let p > 2 be a rational prime and let O be the ring of integers of a
nite extension of Qp. Denote the maximal ideal of O by m and x a
generator π of m. Let T be a free O-module of nite rank, on whih the
absolute Galois group GQ := Gal(Q/Q) ats ontinuously, and the a-
tion ofGQ on T is unramied outside a nite number of plaes. For suh
a T , the notion of an Euler system (whih is originally due to Koly-
vagin [Kol90℄) has been generalized in Rubin [Rub00℄, Kato [Kat99℄
and Perrin-Riou [PR98℄ to prove upper bounds for the Selmer group
attahed to the Cartier dual T ∗ of the Galois representation T .
Starting from an Euler system, Kolyvagin uses his desent argument
to obtain what he alls derivative lasses. These derivative lasses are
used to produe bounds for the dual Selmer group. [MR04℄ starts ex-
atly with these lasses, and they observe that the derivative lasses en-
joy stronger loal onditions than has been previously utilized. Classes
with these stronger loal onditions (and with the same interrelations
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that the derivative lasses ought to satisfy) are alled Kolyvagin sys-
tems. We refer the reader to [MR04℄ 3 for a detailed desription. Sine
Kolyvagin systems are modeled after the derivative lasses, they have
exatly the same appliations, namely they give upper bounds for the
dual Selmer group. In fat Mazur and Rubin exploits the extra rigidity
gained by their observation to prove, in many ases of interest, that
the Kolyvagin system bound on the dual Selmer group is strit and in
fat one ould ompletely determine the struture of the dual Selmer
group in terms of a Kolyvagin system (if the Kolyvagin system we use is
primitive in the sense of Denition 2.17 below); see [MR04℄ Theorems
4.5.6, 4.5.9 and 5.2.14.
The disussion above already portrays Kolyvagin systems as more
fundamental objets than Euler systems. In fat, it is also possible
to prove that Kolyvagin systems exist in many ases, however, it is
impossible to write these down expliitly in full generality. The only
ases where the bound provided by a Kolyvagin system an be made
expliit are the ases where the Kolyvagin system used omes from an
Euler system, via Kolyvagin's desent. This map from the olletion of
Euler systems to the olletion of Kolyvagin systems will be referred to
as the Euler system to Kolyvagin system map; see Theorem 2.18 below
for a slightly more detailed desription of this map.
One important feature of the bounds provided by a Kolyvagin system
obtained from one of the Euler systems known to date is that they are
losely related to the speial values of L-funtions. Suh bounds thus
provide evidene for the Bloh-Kato onjetures [BK90℄, whih predit
the orders of these Selmer groups in terms of the speial values of a
relevant L-funtion.
A natural question to ask is when these bounds given by an Euler
system (or, equivalently, by the Kolyvagin system obtained from it)
are sharp. In view of the results of [MR04℄, this is equivalent to (un-
der ertain tehnial assumptions) asking when the Kolyvagin system
obtained from the Euler system we started with is primitive. For ex-
ample, onsider Kato's Euler system [Kat04℄, whih is an Euler system
for T = Tp(E), the p-adi Tate module of an ellipti urve E/Q. As
explained in [MR04℄ Remark 6.2.5, Kato's Euler system does not give
rise to a primitive Kolyvagin system if p divides one of the Tamagawa
numbers of E. In fat they prove that the Euler system to Kolyva-
gin system map in this setting has non-trivial okernel if p divides a
Tamagawa number, and as a result it is impossible to obtain a primi-
tive Kolyvagin system from an Euler system in this ase. We all this
phenomenon the Tamagawa defet of Euler systems.
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However, the arguments of [MR04℄ (partiularly Proposition 6.2.6 of
lo. it.) is not suient to obtain an improved lower bound on the
size of this okernel in terms the Tamagawa fators. This is what we
do in this paper:
Theorem A. Suppose πn divides a Tamagawa number of the Galois
representation T . Under suitable hypotheses on T the image of the
Euler system to Kolyvagin system map (of Theorem 2.18) is ontained
in m
n
KS(T ), where KS(T ) denotes the O-module of Kolyvagin systems
for T .
See Theorem 3.2 below for details.
In partiular, the hypotheses of Theorem A hold when T = Tp(E),
i.e. when T is the p-adi Tate module of an ellipti urve E/Q with
ondutor N . Let κKato denote the Kolyvagin system obtained from
Kato's Euler system, as in [MR04℄ 6.2. Let cℓ be the Tamagawa
number of E at ℓ, and suppose pn|cℓ.
Theorem B. κKato ∈ pnKS(T ).
As a orollary, this shows that the bound obtained using κKato (see
[MR04℄ Theorem 6.2.4, for example) an be improved as follows:
Theorem C. Let TSE be the Tate-Shafarevih group of E, LN (E, s)
the "non-primitive" Hasse-Weil L-funtion assoiated to E with Euler
fators at the primes dividing N removed and ΩE the fundamental real
period of E. Then
length(TSE [p
∞]) ≤ ordp
(
LN(E, 1)
cℓ · ΩE
)
.
See also Theorem 3.6 below.
As one may notie, the "improvement" we give above inludes only
one Tamagawa fator. A further improvement whih shall inlude all
Tamagawa fators unfortunately esapes our method. We disuss this
matter further in  4. We also elaborate on the hypotheses of The-
orem 3.2 to produe other interesting ourrenes of the Tamagawa
defet of Euler systems for representations other than the Tate module
of an ellipti urve.
Our results are somewhat related to that of [Jet℄, however they are
more general in the sense that our Theorem 3.2 gives a oneptual
explanation for the Tamagawa defet for many Galois representations;
yet the setting for whih Theorem 3.2 applies is disjoint from that of
Jethev's as far as the Kolyvagin system mahinery is onerned.
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2. Tehnial Results
2.1. Basi Denitions.
2.1.1. Notation. Fix one and for all an odd rational prime p. Let R be
a loal prinipal ideal ideal ring with nite residue eld of harateristi
p, m be its maximal ideal and k = R/m be its residue eld. We x a
generator π of m. For the main appliations of our tehnial results R
will the ring of integers of a nite extension Qp, in that ase we write
F for its eld of frations.
For any eld K (loal or global)K will be a xed separable algebrai
losure of K and GK will denote Galois group Gal(K/K). For every
rational prime ℓ we x an embedding GQℓ →֒ GQ. This xes a deom-
position group of ℓ, and we write Iℓ for the inertia subgroup inside of
this xed deomposition group.
Let T be an R-module endowed with a ontinuous GQ-ation, whih
is free of nite rank over R. We will assume that T is unramied
outside nitely many primes. If R is the ring of integers of a nite
extension Qp, we write V for T ⊗R F and W for T ⊗R F/R = V/T .
By H∗(K,X) := H∗(GK , X) we mean the group ohomology of GK
omputed with respet to ontinuous ohains with values in X for
X = T, V,W or their subquotients.
If a group H ats on a set X , then the subset of elements of X xed
(pointwise) by H is denoted by XH .
If M is an R-module and I is an ideal of R, then M [I] will denote
the submodule of M killed by I. If M is a GQ-module, Q(M) will be
dened as the xed eld in Q of the kernel of the map GQ → Aut(M).
2.1.2. Loal Cohomology Groups and Loal Conditions. Muh of the
denitions and results we reord in 2.1.2 an be found in Chapter 1
of [MR04℄.
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Throughout this setion let K denote a non-arhimedean loal eld
and K a xed separable algebrai losure of K. O will be the ring of
integers in K, F its residue eld, and Kunr ⊂ K the maximal unram-
ied subeld of K. Let I be the inertia subgroup Gal(K/Kunr), and
GF = Gal(K
unr/K).
2.1.2.1. Galois Cohomology of Loal Fields. There is an exat sequene
of pronite groups
{1} −→ I −→ GK −→ GF −→ {1}
Further, sine the ohomologial dimension of GF ∼= Zˆ is one it follows
thatH2(GF, T
I) vanishes. Thus the Hohshild-Serre spetral sequene
gives rise to the following exat sequene:
0 −→ H1(GF, T
I) −→ H1(K, T ) −→ H1(I, T )GF −→ 0
2.1.2.2. Loal Conditions.
Denition 2.1. A loal ondition F on T (at ℓ if K = Qℓ) is a hoie
of an R-submodule H1F(K, T ) of H
1(K, T ).
Suppose T is an R-module with a ontinuous GK-ation, and F is a
loal ondition on T . If T ′ is a submodule of T (resp. T ′′ is a quotient
module), then F indues loal onditions (whih we still denote by F)
on T ′ (resp. on T ′′), by taking H1F(K, T
′) (resp. H1F(K, T
′′)) to be the
inverse image (resp. the image) of H1F(K, T ) under the natural maps
indued by
T ′ →֒ T, T ։ T ′′.
Denition 2.2. Propagation of a loal ondition F on T to a sub-
module T ′ (and a quotient T ′′ of T is the loal ondition F on T ′ (and
on T ′′) obtained following the above proedure.
For example, if I is an ideal of R, then a loal ondition on T indues
loal onditions on T/IT and T [I], by propagation.
Let QuotR(T ) be the ategory R[[GK ]]-modules whose objets are
quotients T/IT for all ideals I of R, and where the morphisms from
T/IT to T/JT are all salar multipliations r suh that rI ⊂ J .
Denition 2.3. A loal ondition F is artesian on QuotR(T ) (or
on a subategory of QuotR(T )) if for any injetive R[[GK ]]-module
homomorphism φ : T1 → T2 the loal ondition F on T1 is the same as
the loal ondition obtained by propagating F from T2 to T1.
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2.1.2.3. Examples of Loal Conditions. We review several hoies for
loal onditions whih will appear quite frequently.
Denition 2.4. Suppose L is an extension of K in K, and dene
H1L(K, T ) := H
1(Gal(L/K),TGL) =
ker
{
H1(K, T )→ H1(L, T )
}
⊂ H1(K, T )
Thus every hoie of an algebrai extension L/K gives a hoie of
a loal ondition. We note that H1L(K, T ) is funtorial in T . The
unramied ondition frequently appears in this paper and is obtained
by taking L = Kunr. Namely
H1
unr
(K, T ) := H1Kunr(K, T ) = H
1(GF, T ).
When T is unramied (i.e. I ats trivially on T ), we will also all this
the nite ondition and write H1
f
(K, T ) = H1
unr
(K, T ).
In general, if har(F) 6= p and R is the ring of integers of a nite
extension Qp, the nite ondition at K is given by
H1
f
(K, T ) = ker
{
H1(K, T ) −→ H1(Kunr, V )
}
.
See [Rub00℄ 3.1 for a more detailed disussion on the nite and un-
ramied loal onditions.
2.1.2.4.Dual Loal Conditions.
Denition 2.5. Dene the Cartier dual of T to be the R[[GK ]]-module
T ∗ := Hom(T, µp∞)
where µp∞ stands for the p-power roots of unity inside Qp.
There is the perfet loal Tate pairing
< , > : H1(K, T )×H1(K, T ∗) −→ H2(K,µp∞)
∼
−→ Qp/Zp
Denition 2.6. The dual loal ondition F∗ on T ∗ of a loal ondition
F on T is dened so that H1F∗(K, T
∗) is the orthogonal omplement of
H1F(K, T ) under the loal Tate pairing < , > .
Proposition 2.7. (Proposition 1.3.2 in [MR04℄) Suppose that the residue
harateristi of the loal eld K is dierent from p. Then H1
f
(K, T )
and H1
nite
(K, T ∗) are orthogonal omplements under the loal Tate
pairing < , >.
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2.1.3. Selmer strutures and Selmer groups. Denitions and results we
reord in this setion an be found in Chapter 2 of [MR04℄.
For the rest of this paper, unless otherwise is stated, T will be a free
R-module endowed with a ontinuous ation of GQ, whih is unramied
outside a nite set of rational primes. Below notation will also be in
eet till the end.
Let Q ⊂ C be the algebrai losure of Q in C, and for eah rational
prime ℓ we x an algebrai losure Qℓ of Qℓ ontaining Q. We will
ignore the innite plae of Q systematially sine we assumed p >
2. Oasionally we will denote GQℓ = Gal(Qℓ/Qℓ) by Dℓ, whenever
we would like to identify this group by a losed subgroup of GQ =
Gal(Q/Q); namely with a partiular deomposition group at ℓ in GQ.
We further dene Iℓ ⊂ Dℓ to be the inertia group and Frℓ ∈ Dℓ/Iℓ to
be the arithmeti Frobenius element at ℓ.
Denition 2.8. A Selmer struture F on T is a olletion of the
following data:
• a nite set Σ(F) of plaes of Q, inluding ∞, p, and all primes
where T is ramied.
• for every ℓ ∈ Σ(F) a loal ondition (in the sense of Deni-
tion 2.1) on T (whih we view now as a R[[Dℓ]]-module), i.e., a
hoie of R-submodule
H1F(Qℓ, T ) ⊂ H
1(Qℓ, T ).
If ℓ /∈ Σ(F) we will also write H1F(Qℓ, T ) = H
1
f
(Qℓ, T ).
Denition 2.9. If F is a Selmer struture, we dene the Selmer module
H1F(Q, T ) to be the kernel of the sum of the restrition maps
H1(Gal(QΣ(F)/Q), T ) −→
⊕
ℓ∈Σ(F)
H1(Qℓ, T )/H
1
F(Qℓ, T )
where QΣ(F) is the maximal extension of Q whih is unramied outside
Σ(F).
Example 2.10. Suppose R is the ring of integers of a nite extension
Qp. The anonial Selmer struture Fan on T is given by
• Σ(F
an
) = {ℓ : T is ramied at ℓ} ∪ {p,∞},
• if ℓ ∈ Σ(F
an
) and ℓ 6= p,∞ then H1F
an
(Qℓ, T ) = H
1
f
(Qℓ, T ),
• H1F
an
(Qp, T ) = H
1(Qp, T ).
Note that we may safely ignore the innite plae sine p > 2, therefore
H1(R, T ) = 0.
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If I is an ideal of R we dene the anonial Selmer struture on T/IT
(whih we still denote by F
an
) to be the Selmer struture obtained from
F
an
on T by propagation of loal onditions.
Denition 2.11. A Selmer triple is a triple (T,F ,P) where T is an
R[[GQ]]-module whih is free of nite rank over R, unramied outside
nitely many primes; F is a Selmer struture on T and P is a set of
rational primes, disjoint from Σ(F).
2.2. Hypotheses. In this setion we reord the hypotheses whih were
utilized by Mazur, Rubin and Howard to prove their main theorems on
Kolyvagin systems in [MR04℄. For a disussion of these hypotheses see
3.5 of [MR04℄.
H1: T/mT is an absolutely irreduible k[GQ]-representation.
H2: There is a τ ∈ GQ suh that τ = 1 on µp∞ and T/(τ − 1)T
is free of rank one over R.
H3: H1(Q(T, µp∞)/Q, T/mT ) = H
1(Q(T, µp∞)/Q, T
∗[m]) = 0.
H4: Either
H4a Hom
k[[Gal(Q/Q)]](T/mT, T
∗[m]) = 0, or
H4b p > 4.
H5: Pt ⊂ P ⊂ P1 for some t ∈ Z+, where Pk is as in [MR04℄ Def-
inition 3.1.6.
H6: For every ℓ ∈ Σ(F), the loal ondition F at ℓ is artesian
(in the sense of Denition 2.3) on the ategory QuotR(T ) of
quotients of T .
Remark 2.12.
(1) Suppose R is the ring of integers of a nite extension Qp. Then
F
an
satises H6 by [MR04℄ Lemma 3.7.1.
(2) Suppose that E/Q is an ellipti urve dened over Q whih does
not have omplex multipliation, and let T = Tp(E) be its p-
adi Tate module (whih is a representation of GQ whih is free
of rank 2 over R = Zp). It is veried in [Rub98℄ that Tp(E) sat-
ises the hypotheses H1-H4, and the hoie the set of primes P
whih satises H5 has been explained (see also [Sh98℄). Thus
the hypotheses above hold for the Selmer triple (T,F
an
,P).
2.3. Theorems of Howard, Mazur and Rubin. Suppose (T,F ,P)
is a Selmer triple (in the sense of Denition 2.11). Let KS(T ) =
KS(T,F ,P) denote the R-module of Kolyvagin systems for the Selmer
triple (T,F ,P) dened as in [MR04℄ Denition 3.1.3. We also let
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KS(T,F ,P) be the generalized module of Kolyvagin systems, see [MR04℄
Denition 3.1.6 for a denition. Under the hypotheses set in 2.2 above
Howard, Mazur and Rubin show that the struture of the modules
KS(T,F ,P) and KS(T,F .P) is determined by an invariant χ(T ) =
χ(T,F) whih they all the ore Selmer rank, see [MR04℄ Denitions
4.1.11 and 5.2.4. In 2.3 we give a survey of their relevant results.
2.3.1. Core Selmer rank and the module of Kolyvagin systems. Reall
the denition of the anonial Selmer struture F
an
. Theorem below
(whih is [MR04℄ Theorem 5.2.15) enables us to alulate the ore
Selmer rank χ(T,F
an
) of the anonial Selmer struture T :
Theorem 2.13. Suppose R is a disrete valuation ring. Let d− =
rankR(T
−), where T− is the −1-eigenspae for the ation of some om-
plex onjugation. Then
χ(T,F
an
) = d− + orankR(H
0(Qp, T
∗)).
Example 2.14. Suppose E/Q is an ellipti urve dened over Q and
let T = Tp(E) be its p-adi Tate module. In this ase χ(T,Fan) =
rankZpT
− = 1.
Fix a Selmer triple (T,F ,P) until the end of 2.3, for whih H1-H6
hold.
Theorem 2.15. ([MR04℄ Corollaries 4.5.1 and 4.5.2) Suppose R is a
prinipal artinian ring of length k.
(i) If χ(T ) = 0 then KS(T ) = 0.
(ii) If χ(T ) ≥ 2 then for every positive integer d, KS(T ) ontains
a free R-module of rank d.
(iii) Suppose χ(T ) = 1. Then,
(1) KS(T ) is a free R-module of rank one.
(2) If j ≤ k then the projetion T → T/mjT indues a surje-
tive map KS(T )→ KS(T/mjT ).
Building on Theorem 2.15, the following result is proved in [MR04℄
Proposition 5.2.9 and Theorem 5.2.10:
Theorem 2.16. Suppose R is a disrete valuation ring.
(i) If χ(T ) = 0 then KS(T ) = 0.
(ii) Suppose χ(T ) = 1. Then,
(1) KS(T )
∼
−→ lim←−KS(T/m
kT,Pk)
∼
−→ KS(T ),
(2) KS(T ) is a free R-module of rank one, generated by a κ ∈
KS(T ) whose image in KS(T/mT ) is nonzero.
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Denition 2.17. κ ∈ KS(T ) is alled primitive if the image of κ in
KS(T/mT ) is nonzero.
2.3.2. Euler systems and the desent map. Suppose for this setion that
R is the ring of integers of a nite extension of Qp. Let (T,Fan,P) be
a Selmer triple, and let K be an abelian extension of Q whih ontains
the maximal abelian p-extension of Q whih is unramied outside p
and P. Following [MR04℄ Denition 3.2.2 we let ES(T ) = ES(T,P,K)
denote the olletion of Euler systems for (T,P,K).
Theorem 2.18. ([MR04℄ Theorem 3.2.4) Suppose that T/(Frℓ − 1)T
is a yli R-module for every ℓ ∈ P, and that Frp
k
ℓ − 1 is injetive
on T for every ℓ ∈ P and every k ≥ 0. Then there is a anonial
homomorphism ES(T )→ KS(T,F
an
,P) suh that if c ∈ ES(T ) maps
to κ ∈ KS(T,F
an
,P), then κ1 = cQ.
2.4. Comparison of Selmer strutures and the Cartesian Con-
dition.
Lemma 2.19. Suppose for the loal ondition H1F(Qℓ, T ) ⊂ H
1(Qℓ, T )
the R-module H1(Qℓ, T )/H
1
F(Qℓ, T ) is torsion-free. Then for every n ∈
Z+ the indued loal ondition on the quotients QuotR/mn(T/m
nT ) =
{T/mjT}nj=1 of R/m
n
-module T/mnT is artesian (in the sense of De-
nition 2.3).
Proof. This is [MR04℄ Lemma 3.7.1 (i). 
Proposition 2.20. Suppose H1F(Qℓ, T ) and H
1
G(Qℓ, T ) are two loal
on T at the prime ℓ suh that
(i) H1(Qℓ, T )/H
1
F(Qℓ, T ) is R-torsion-free,
(ii) H1F(Qℓ, T/m
nT )/H1G(Qℓ, T/m
nT ) is a free R/mn-module (where
H1F(Qℓ, T/m
nT ) (respetively H1G(Qℓ, T/m
nT )) is the loal on-
dition on T/mnT propagated from the loal ondition F (respe-
tively G) on T ) in the sense of Denition 2.2.
Then the loal ondition G is artesian on the quotients QuotR/mn(T/m
nT ) =
{T/mjT}nj=1 (in the sense of Denition 2.3) of the R/m
n
-module T/mnT .
Proof. Let the R-moduleQ be dened by the exatness of the following
sequene:
(2.1) 0 −→ H1G(Qℓ, T ) −→ H
1
F(Qℓ, T ) −→ Q −→ 0.
The propagated loal ondition H1F(Qℓ, T/m
jT ) is dened as the image
of H1F(Qℓ, T ) under the anonial homomorphism
H1(Qℓ, T )/m
jH1(Qℓ, T ) →֒ H
1(Qℓ, T/m
j)
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(whih is indued from the long exat sequene for the GQℓ-ohomology
of the exat sequene
0 −→ T
πj
−→ T −→ T/mj −→ 0
where we reall that π is a uniformizer of R). In other words
(2.2)
H1F(Qℓ, T/m
jT ) = im
{
H1F(Qℓ, T )→
H1(Qℓ, T )
m
jH1(Qℓ, T )
→֒ H1(Qℓ, T/m
jT )
}
The kernel of the rst map in (2.2) is H1F(Qℓ, T ) ∩ π
jH1(Qℓ, T ) whih
is equal to πjH1F(Qℓ, T ) sine we assumed that H
1(Qℓ, T )/H
1
F(Qℓ, T )
is R-torsion-free. Thus
H1F(Qℓ, T/m
jT )
= im
{
H1F(Qℓ, T )
m
jH1F(Qℓ, T )
→֒
H1(Qℓ, T )
m
jH1(Qℓ, T )
→֒ H1(Qℓ, T/m
jT )
}
Similarly,
(2.3)
H1G(Qℓ, T/m
jT ) = im
{
H1G(Qℓ, T )→
H1(Qℓ, T )
m
jH1(Qℓ, T )
→֒ H1(Qℓ, T/m
jT )
}
and the kernel of the rst map in (2.3) is H1G(Qℓ, T ) ∩ π
jH1(Qℓ, T )
whih equals H1G(Qℓ, T ) ∩ π
jH1F(Qℓ, T ) beause H
1(Qℓ, T )/H
1
F(Qℓ, T )
is R-torsion-free. We thus have
H1G(Qℓ, T/m
jT ) =
im
{
H1G(Qℓ, T )
m
jH1F(Qℓ, T ) ∩H
1
G(Qℓ, T )
→֒
H1(Qℓ, T )
m
jH1(Qℓ, T )
→֒ H1(Qℓ, T/m
jT )
}
Using the desription whih we give above of the propagated loal
onditions H1F(Qℓ, T/m
jT ) and H1G(Qℓ, T/m
jT ) we obtain an exat se-
quene
(2.4) 0 −→ H1G(Qℓ, T/m
jT ) −→ H1F(Qℓ, T/m
jT ) −→ Q/mjQ.
We note that the exat sequene (2.4) is essentially obtained by ten-
soring the exat sequene (2.1) by R/mj and ompleting the tensored
sequene to an exat sequene on the left.
To prove the statement of the Proposition we need to prove that
(2.5) H1G(Qℓ, T/m
iT ) = ker
{
H1(Qℓ, T/m
iT )
[πj−i]
−→
H1(Qℓ, T/m
jT )
H1G(Qℓ, T/m
jT )
}
for 0 < i ≤ j ≤ n, where [πj−i] is the map indued on the ohomology
groups from the map T/miT
πj−i
−→ T/mjT . Now if c ∈ H1(Qℓ, T/m
iT ) and
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[πj−i]c ∈ H1G(Qℓ, T/m
jT ) ⊂ H1F(Qℓ, T/m
jT ) it follows from Lemma 2.19
that c ∈ H1F(Qℓ, T/m
jT ). Thus (2.5) is equivalent to the statement
(2.6) H1G(Qℓ, T/m
iT ) = ker
{
H1F(Qℓ, T/m
iT )
[πj−i]
−→
H1F(Qℓ, T/m
jT )
H1G(Qℓ, T/m
jT )
}
for 0 < i ≤ j ≤ n.
To see (2.6) holds onsider the following ommutative diagram (where
the rows ome from the exat sequene (2.4)):
0 // H1G(Qℓ, T/m
iT ) //
[πj−i]

H1F(Qℓ, T/m
iT ) //
[πj−i]

Q/miQ //
πj−i

0
0 // H1G(Qℓ, T/m
jT ) // H1F(Qℓ, T/m
jT ) // Q/mjQ // 0
By our assumption that H1F(Qℓ, T/m
nT )/H1G(Qℓ, T/m
nT )
∼
→ Q/mnQ
is a free R/mn-module it follows that the right vertial map in the
diagram above is injetive for 0 < i ≤ j ≤ n. This shows that the map
H1F(Qℓ, T/m
iT )
/
H1G(Qℓ, T/m
iT )
[πj−i]
−→ H1F(Qℓ, T/m
jT )
/
H1G(Qℓ, T/m
jT )
is injetive for 0 < i ≤ j ≤ n, whih proves (2.6) and the Proposition.

Corollary 2.21. Suppose F is a Selmer struture on T and hypotheses
H1-H6 are satised for (T,F ,P). Suppose further that the ore Selmer
rank χ(T,F) is one. Let G be another Selmer struture on T , and
suppose the loal ondition at ℓ determined G satises the assumptions
of Theorem 2.20 and that H1G(Qℓ, T ) ( H
1
F(Qℓ, T ). Then
KS(T/mnT,G,Pn) = 0.
Proof. It follows from Proposition 2.20 that the hypotheses H1-H6 are
satised by (T/mnT,G,Pn). Further, sine H1G(Qℓ, T ) ( H
1
F(Qℓ, T ), it
follows from [Wil95℄ Proposition 1.6, [MR04℄ Denition 4.1.11 of the
ore Selmer rank and [MR04℄ Proposition 4.1.4 that
0 ≤ χ(T/mnT,G) < χ(T/mnT,F) = 1,
hene χ(T/mnT,G) = 0. Now Theorem 2.15 shows that
KS(T/mnT,G,Pn) = 0,
as desired. 
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3. Appliations
Until the end of this paper we assume that R is the ring of integers
of a nite extension of Qp and let F be its eld of frations. Let Fan
be the anonial Selmer struture as in Denition 2.10. Suppose F
u-ℓ
is the Selmer struture dened as follows:
• Σ(F
u-ℓ) = Σ(Fan),
• if q ∈ Σ(F
u-ℓ) and q 6= ℓ then H1F
u-ℓ
(Qq, T ) = H
1
F
an
(Qq, T ),
• H1F
u-ℓ
(Qℓ, T ) = H
1
unr
(Qℓ, T ),
where H1
unr
(Qℓ, T ) = ker{H1(Qℓ, T )→ H1(Qunrℓ , T )} is the unramied
ohomology.
Remark 3.1. By [Rub00℄ Lemma I.3.5 H1F
u-ℓ
(Qℓ, T ) ⊂ H1F
an
(Qℓ, T )
and
H1F
an
(Qℓ, T )/H
1
F
u-ℓ
(Qℓ, T )
∼
−→ H0(Qℓ,W
Iℓ
/
V Iℓ/T Iℓ),
where Iℓ ⊂ GQℓ is the inertia subgroup, V = T ⊗R F and W = V/T .
Note that the R-module H0(Qℓ,W
Iℓ
/
V Iℓ/T Iℓ) is nite and its order is
the p-part of the Tamagawa number at ℓ.
Reall that there is a anonial map (whih we all the Euler system
to Kolyvagin system map)
ES(T ) −→ KS(T,F
an
,P)
from the module of Euler systems to the generalized module of Koly-
vagin systems (see [MR04℄ Denition 3.1.6).
Theorem 3.2. Let F
an
and F
u-ℓ be as above. Suppose (T,P) satis-
es the hypotheses H1-H5, χ(T,F
an
) = 1 and n ∈ Z≥0 is suh that(
H1F
an
(Qℓ, T )/H
1
F
u-ℓ
(Qℓ, T )
)
⊗ R/mn is a free R/mn-module of positive
rank. Then
im (ES(T )→ KS(T,F
an
,P)) ⊂ mnKS(T,F
an
,P).
Proof. We begin with the remark that KS(T,F
an
,P) is anonially
isomorphi to KS(T,F
an
,P) when the ore Selmer rank χ(T,F
an
) is
one. We thus allow ourselves to view the map from the module of
Euler systems to the generalized module of Kolyvagin systems as a
map ES(T ) −→ KS(T,F
an
,P) (and this is how the statement of the
Theorem makes sense). Under the assumptions above, KS(T,F
an
,P)
is an R-module of rank one. Consider the map
(3.1) ES(T )→ KS(T,F
an
,P)→ KS(T/mnT,F
an
,Pn).
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Sine KS(T,F
an
,P) is free of rank one, the statement of the Theorem
is equivalent to the statement that the map (3.1) is zero. As pointed
out in [MR04℄ Remark A.5, the proof of [MR04℄ Theorem 3.2.4 shows
that the map (3.1) fators as follows:
ES(T ) //
((QQ
QQ
QQ
QQ
QQ
QQ
Q
KS(T,F
an
,P) // KS(T/mnT,F
an
,Pn)
KS(T/mnT,F
u-ℓ,Pn)
44iiiiiiiiiiiiiiiii
Thus it sues to prove that KS(T/mnT,F
u-ℓ,Pn) = 0. This follows
immediately from Corollary 2.21 applied with F = F
an
and G = F
u-ℓ.
Note that our assumptions guarantee that Corollary 2.21 applies with
the hoies above. 
Let Q∞ be the (ylotomi) Zp-extension of Q, Γ = Gal(Q∞/Q) be
its Galois group and Λ = Zp[[Γ]] be the ylotomi Iwasawa algebra.
Let KS(T ⊗Λ,F
an
) be the module of Λ-adi Kolyvagin systems for T
(dened as in [Büy℄ 3.2). Under ertain hypotheses (see [Büy℄ 2.2) it
is proved that the Λ-module KS(T ⊗ Λ,F
an
) is free of rank one and
that the speialization map
KS(T ⊗ Λ,F
an
) −→ KS(T,F
an
,P)
is surjetive. We remark that the hypotheses H.T of [Büy℄ 2.2 holds
if p does not divide any of the Tamagawa numbers at any prime ℓ 6= p.
If, however, p does divide at least one Tamagawa number then the
speialization map above is not surjetive and it is predited in [Büy℄
Remark 3.25 that the okernel of this map should be related to Tama-
gawa numbers. As a justiation of this remark one may prove:
Theorem 3.3. Suppose all the assumptions of the Theorem 3.2 hold
for (T,F
an
,P) and F
u-ℓ. Let n ∈ Z+ be as in Theorem 3.2. Then
im (KS(T ⊗ Λ,F
an
) −→ KS(T,F
an
,P)) ⊂ pnKS(T,F
an
,P).
Proof. The proof of Theorem 3.2 applies in an idential way, by [Col98℄
Proposition II.1.1 (used instead of the proof of Theorem 3.2.4 of [MR04℄).

We now exhibit a partiular appliation of Theorem 3.2: We apply
it with Kato's Euler system for the Tate module of an ellipti urve.
Let E/Q be an ellipti urve dened over Q and let T = Tp(E) be its
p-adi Tate module. We will also assume that
(3.2) p > 3,
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(3.3) the p-adi representation GQ → Aut(E[p
∞]) is surjetive.
Suppose the Tamagawa number cℓ = |E(Qℓ)/E0(Qℓ)| at ℓ 6= p is
divisible by p, and set n = ordp(cℓ). Sine we assumed p > 3, this
shows (see [Sil92℄ Corollary C.15.2.1) that E has split multipliative
redution at ℓ (thus E/Qℓ is a Tate urve Tateq with Tate parameter
q ∈ ℓZℓ) and that the omponent group of the speial ber of the Néron
model E/Spe(Zℓ) of E/Qℓ is a yli group isomorphi to Z/cℓZ. Thus
we have an exat sequene
(3.4) 0 −→ E0(Qℓ) −→ E(Qℓ) −→ Z/cℓZ −→ 0.
Further, one also has Z×ℓ
∼
−→ E0(Qℓ) under Tate uniformization (see
for example [Sil92℄ Theorem C.14.1). This shows that X [p∞] is nite
and X [pk] ∼= X/pkX for X = E0(Qℓ) or X = E(Qℓ); and for k ∈ Z
+
.
Here X [p∞] stands for the p-power torsion inside the group X .
One an hek that H1
f
(Qℓ, V ) = 0, hene the restrition map
H1(Qℓ, V ) −→ H
1(Qunrℓ , V )
is injetive, thus
H1F
an
(Qℓ, T ) = H
1
f
(Qℓ, T ) := ker{H
1(Qℓ, T )→ H
1(Qunrℓ , V )}
= ker{H1(Qℓ, T )→ H
1(Qℓ, V )},
whih equals the image of E(Qℓ)[p
∞] (by, for example, [Tat76℄ Proposi-
tion 2.4) inside H1(Qℓ, T ). See also [Rub00℄ 1.6.4. Similarly, one may
show that H1
unr
(Qℓ, T ) is the image of E0(Qℓ)[p
∞] inside H1(Qℓ, T ).
The diagram below summarizes our disussion in this paragraph:
H1
f
(Qℓ, T ) im{E(Qℓ)[p
∞] 
 // H1(Qℓ, T )}
H1
unr
(Qℓ, T )
∪
OO
im{E0(Qℓ)[p∞]

 // H1(Qℓ, T )}
This, together with (3.4), Example 2.14 and Corollary 3.2 (with n =
ordp(cℓ)) shows
Corollary 3.4. Let T = Tp(E), E, cℓ, n be as above. Then
im (ES(T )→ KS(T,F
an
,P)) ⊂ pnKS(T,F
an
,P).
Let N be the ondutor of E. Kato [Kat04℄ has onstruted an Euler
system whih gives rise to a Kolyvagin system κKato ∈ KS(T,F
an
,P)
for a suitably hosen set of primes P, see [Rub98℄ 3.5 and [MR04℄ 6.2
for more details. Corollary 3.4 shows that κKato ∈ pnKS(T,F
an
,P).
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Further we know (Theorem 2.16) that KS(T,F
an
,P) is a free Zp-
module of rank one, and is generated by a primitive Kolyvagin system.
We x suh a generator κE so that κKato = pα · κE for some α ≥ n.
The following Theorem is the main appliation of κKato. Let L(E, s)
denote the Hasse-Weil L-funtion attahed to E, and LN (E, s) the non-
primitive L-funtion whih is obtained by removing the Euler fators
at primes dividing the ondutor N of E. Let ΩE be the fundamental
period of E, and TSE be the Tate-Shafarevih group of E.
Theorem 3.5. (Kato [Kat04℄) Assume (3.2) and (3.3) holds. Suppose
further that
• E has good redution at p,
• p ∤ E(Fp),
• p does not divide the integer rE of [Rub98℄ Theorem 7.1,
• L(E, 1) 6= 0.
Then
length(TSE[p
∞]) ≤ ordp(LN(E, 1)/ΩE).
To prove this Theorem one utilizes Kolyvagin system mahinery with
κKato to bound the lassial Selmer group (see for example [Rub98℄
Theorem 3.2) and then use Kato's alulations (see the proof of [Rub98℄
Theorem 8.6) with κKato1 (whih appears as cQ in [Rub98℄). One ould
use κE instead of κKato = pα · κE to bound the lassial Selmer group
(whih, in a sense, is a "better" Kolyvagin system), and use Kato's
alulations for κKato1 together with the simple relation κ
Kato
1 = p
α · κE
to prove the folowing stronger version of Theorem 3.5:
Corollary 3.6. Assume the hypotheses of Theorem 3.5 holds. Then
length(TSE[p
∞]) ≤ ordp
(
LN(E, 1)
pα · ΩE
)
≤ ordp
(
LN (E, 1)
cℓ · ΩE
)
.
4. Conluding Remarks
4.1. More on Kato's Euler system. Expliit alulations arried
out by Kato [Kat04℄ to determine a bound on the size of the Selmer
group are limited to the ase L(E, 1) 6= 0. In this ase the las-
sial Selmer group SE attahed to E is nite and one only has to
deal with the very rst term κKato1 of the Kolyvagin system κ
Kato ∈
KS(T,F
an
,P). In fat, in Corollary 3.6 above we only use Corol-
lary 3.4 to onlude that κKato1 = p
α ·κE1 , where α and κ
E
are as above.
This is suient in the setting of Theorem 3.5.
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However one should note that Corollary 3.4 says muh more than
the omparison above for the initial terms of these Kolyvagin systems,
it in fat says that
(4.1) κKator = p
α · κEr
for every r ∈ N (P), where N (P) is the set of integers whih are square
free produts of primes in P. If κKato1 (hene also κ
E
1 ) is non-zero
(whih essentially put us in the setting of Theorem 3.5) then (4.1)
easily follows from the equality κKato1 = p
α · κE1 and Theorem 2.15. Of
ourse this is not always the ase and (4.1) is a muh stronger statement
in general. Unfortunately, when the Hasse-Weil L-funtion vanishes at
s = 1 (this should amount to saying κKato1 = 0, f. [MR04℄ Corollary
5.2.13) there is no omputation yet available with Kato's Kolyvagin
system to exemplify the ontent of Corollary 3.4 further, in terms of
bounding the Selmer group (suh as Corollary 3.6, whih applies when
L(E, 1) 6= 0).
4.2. Tamagawa numbers and level lowering. We keep assuming
T = Tp(E), the p-adi Tate module of an ellipti urve E/Q, and hy-
potheses (3.2) and (3.3). Corollary 3.4 says that
κKato ∈ cℓ ·KS(T,Fan,P).
This statement is reeted in Corollary 3.6 as an improvement to Kato's
Theorem 3.5. However, this method aptures only one Tamagawa fa-
tor. What if there are more then one Tamagawa numbers whih are
divisible by p? A natural question to ask is:
Question 1.Is it true that κKato ∈
∏
ℓ|N cℓ ·KS(T,Fan,P)?
This question turns out to be more deliate when there is more than
one Tamagawa number whih is divisible by p. We rst onsider a
preliminary version of Question 1. Let d be the number of primes ℓ for
whih p|cℓ.
Question 2. Is it true that κKato ∈ pdKS(T,F
an
,P)?
To address this question we onsider the newform fE of level N as-
soiated with E. Sine we assumed p > 3, p|cℓ implies that E has split
multipliative redution at ℓ. Thus if p|cℓ, then ℓ||N . The assumption
that p|cℓ in fat translates into the statement that the Galois represen-
tation E[p] ∼= T/pT is nite at ℓ. Thus, we may apply level lowering
theorem of Ribet [Rib90℄ to arrive at a modular form g of level N/ℓ
and a Galois representation Tg attahed to g suh that Tg/pTg ∼= T/pT .
Note that ℓ is no longer a bad prime for g. The author is quite urious
to see whether the Euler system for the modular form g ould play a
role in this ontext to answer Question 2.
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More generally, Dummigan [Dum℄ has studied the Tamagawa fators
of modular forms and level lowering for their mod pn representations for
n > 1. Similarly, one might try to approah more general Question 1
via Dummigan's more general level lowering results.
4.3. Tamagawa numbers for higher dimensional Abelian va-
rieties. The disussion above with Kato's Euler system (for ellipti
urves) suggests that if one would like to apply Theorem 3.2 with an
abelian variety A of higher dimension, one should understand the stru-
ture of the p-part Φp of the omponent group of A/Qell for eah ℓ 6= p.
For example, when A = E is one dimensional Kodaira-Néron Theorem
([Sil92℄ Corollary C.15.2.1) shows that Φp is always yli if p > 2, and
this is exatly what we use to prove Corollary 3.4.
Let A/Qℓ be an abelian variety (with ℓ 6= p). Let A be its Néron
model over Zℓ. Suppose t (resp. u) denote the dimension of the tori
(resp. unipotent) part of the speial ber As. Let Φ[p] denote the
p-torsion of Φ. Sine Φ is a nite group, we have Φ[p] ∼= Φp/pΦp.
Theorem below an be found in [Abb00℄:
Theorem 4.1. ([Abb00℄ Proposition 5.13 (i)) If p ≥ 3,
dimFpΦ[p] ≤ t+ u ≤ dimA.
Suppose now that A/Q = Af is an abelian variety of attahed to a
newform f of level N . Then Af is an abelian variety of GL2-type: Let
R denote the ring generated by the Fourier oeients of f and set
K = Q ⊗ Rf , then R ⊂ EndQ(A) and [K : Q] = dimA. We assume
the following additional hypotheses on p:
(4.2) R⊗ Fp is a eld, i.e. p is inert in R.
R⊗ Fp ats on Φ[p], thus Theorem 4.1 and assumption (4.2) shows
that
Corollary 4.2. Φ[p] is a yli R/pR-module.
Let Rp denote the ompletion of the ring R at p. The ation of R
on Φp naturally extends to an ation of Rp on Φp. Corollary 4.2 and
Nakayama's lemma implies the following
Corollary 4.3. Under the hypotheses above Φp is a yli Rp-module.
Let O denote the maximal order of the number eld K. One eas-
ily dedues from the assumption (4.2) that the ring homomorphism
R/pR → O/pO is an isomorphism, hene p is inert in the extension
O/Z as well. Further, the inlusion R →֒ O indues a natural isomor-
phism Rp
∼
−→ Op. Thus we proved
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Proposition 4.4. If we assume (4.2) then Φp is a yli Op-module.
Note that this is the analogous statement for abelian varieties Af to
that for ellipti urves (i.e. to the ase K = Q), whih, in that ase, is
implied by the Kodaira-Néron Theorem.
Consider the p-adi Tate module Tp(Af ), and set
Vp(Af) = Qp ⊗Zp Tp(Af).
We keep assuming (4.2). It is known that Vp(Af) is a Kp-vetor spae
of dimension 2; hoose a GQ-invariant lattie T inside Vp(Af ) so that T
is a free Op-module of rank 2. Kato [Kat04℄ has onstruted an Euler
system for this O[[GQ]] representation. One ould use Theorem 3.2
(whih applies thanks to Proposition 4.4 with R = Op) to obtain similar
results to Corollary 3.4 in this setting.
Referenes
[Abb00℄ Ahmed Abbes. Rédution semi-stable des ourbes d'après Artin, Deligne,
Grothendiek, Mumford, Saito, Winters, . . .. In Courbes semi-stables et
groupe fondamental en géométrie algébrique (Luminy, 1998), volume 187
of Progr. Math., pages 59110. Birkhäuser, Basel, 2000.
[BK90℄ Spener Bloh and Kazuya Kato. L-funtions and Tamagawa numbers
of motives. In The Grothendiek Festshrift, Vol. I, volume 86 of Progr.
Math., pages 333400. Birkhäuser Boston, Boston, MA, 1990.
[Büy℄ Kâzm Büyükboduk. Λ-adi Kolyvagin systems. Preprint, 56pp.,
arXiv:0706.0377v1 [math.NT℄.
[Col98℄ Pierre Colmez. Théorie d'Iwasawa des représentations de de Rham d'un
orps loal. Ann. of Math. (2), 148(2):485571, 1998.
[Dum℄ Neil Dummigan. Level-lowering for higher ongruenes of modular forms.
Preprint.
[Jet℄ Dimitar P. Jethev. Global divisibility of Heegner points and Tamagawa
numbers. Preprint, 20pp., arXiv:math/0703431v1 [math.NT℄.
[Kat99℄ Kazuya Kato. Euler systems, Iwasawa theory, and Selmer groups. Kodai
Math. J., 22(3):313372, 1999.
[Kat04℄ Kazuya Kato. p-adi Hodge theory and values of zeta funtions of modu-
lar forms. Astérisque, (295):ix, 117290, 2004. Cohomologies p-adiques et
appliations arithmétiques. III.
[Kol90℄ V. A. Kolyvagin. Euler systems. In The Grothendiek Festshrift, Vol. II,
volume 87 of Progr. Math., pages 435483. Birkhäuser Boston, Boston,
MA, 1990.
[MR04℄ BarryMazur and Karl Rubin. Kolyvagin systems.Mem. Amer. Math. So.,
168(799):viii+96, 2004.
[PR98℄ Bernadette Perrin-Riou. Systèmes d'Euler p-adiques et théorie d'Iwasawa.
Ann. Inst. Fourier (Grenoble), 48(5):12311307, 1998.
[Rib90℄ K. A. Ribet. On modular representations of Gal(Q/Q) arising from mod-
ular forms. Invent. Math., 100(2):431476, 1990.
20 KÂZIM BÜYÜKBODUK
[Rub98℄ Karl Rubin. Euler systems and modular ellipti urves. In Galois repre-
sentations in arithmeti algebrai geometry (Durham, 1996), volume 254
of London Math. So. Leture Note Ser., pages 351367. Cambridge Univ.
Press, Cambridge, 1998.
[Rub00℄ Karl Rubin. Euler systems, volume 147 of Annals of Mathematis Studies.
Prineton University Press, Prineton, NJ, 2000. Hermann Weyl Letures.
The Institute for Advaned Study.
[Sh98℄ A. J. Sholl. An introdution to Kato's Euler systems. In Galois repre-
sentations in arithmeti algebrai geometry (Durham, 1996), volume 254
of London Math. So. Leture Note Ser., pages 379460. Cambridge Univ.
Press, Cambridge, 1998.
[Sil92℄ Joseph H. Silverman. The arithmeti of ellipti urves, volume 106 ofGrad-
uate Texts in Mathematis. Springer-Verlag, New York, 1992. Correted
reprint of the 1986 original.
[Tat76℄ John Tate. Relations between K2 and Galois ohomology. Invent. Math.,
36:257274, 1976.
[Wil95℄ Andrew Wiles. Modular ellipti urves and Fermat's last theorem. Ann.
of Math. (2), 141(3):443551, 1995.
Kazim Buyukboduk
IHÉS, Le Bois-Marie, 35,
Route de Chartres
F-91440 Bures-sur-Yvette
FRANCE
E-mail address : kazimihes.fr
Web page: http://math.stanford.edu/∼kazim
